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1. (a)For 0 < a < b, let the function f(t)be defined as:

. e if ast<b,
f(t)"{o if t<aort =b.

Express f(¢) in terms of the unit step function to show that

L(f(B)) = 571 (e~ = et ol el et v
(b) (i) Solve the initial value problem using Llplﬁée transtorm |
x"(E) + 4x'(t) + Bx(t) = e, x(0) = 0,x'(0) = 0, ' : (4)
iy Fid ' il S
(i) ¢ inverse Laplace iransform of F(s)= m 1(2)

1
.‘!l

(¢) bennf a regular singular point of the homogenous secondsondet |inear differential equation

A(x)y" + B(x)y' + C(x)y =0,

Investigate me nature of the point x = 0 for the differential uquauon sl 40 _' S

' ¥ x‘y'+(k’lmr)y +{l-eosx)y=0. : f@kw'. -

& ,-;!,"_-"'“ B Frobenlis seres solitish of Bessel's Equation ﬂmm i g AL
i 1 s e &




' 2 | (6)
nyl’ + x ' + 2 x .
Y +x%y =0, < s e

)

do!
2. (a) (i) Use linear congruence method to generaic 10 ran

: d it occur?
a=1,b=7,c=9 and x; =27.Was there cycling? If so, when did ! |

random numbers Using
(if) Use middle square method to generate a sequence of

-3

Xy =1003ill it degenerates to zero.

. . b
a proxlmatlon to & by
(b) Using Monte Carlo simulation, write an algorithm to calculate an app

=1,

2 2
: ; _— r circleQ:x" +y
considering the number of random points selected inside the quarte
' N areSs0<x<1and
forx 20, y >0 where the quarter circle is taken to be inside the squ
0 < y <1. Use the equation that w/4=area Q area S. ©)

’ Jricd sest deviation.
- (¢) Fitthe model to the data using Chebyshev's criterion to minimize the larges

y=cx

y{1l [25]{54 |90

x|5 |10[20 |30

Hence, solve. the optimization problem graphically that determines the parameter ¢ 10 minimize

to largest absolute deviation. ' . (6) |
(d) A harbor has unloading facilities for ships. There is a facility of unloading of only one ship at
a time in the harbor. The unloading time requited for a ship de‘pends on the type and amount of
the caryo and varies from 60 to 120 minutes. The data for 6 ships are given as:

Time (in minutes) Shipl | Ship2 | Shipd [Shipd |Bhip5 | Ship6

Titme between successive ships |30 (45 (30 [140 |10 |i)

Unloading time 60 % 60 120|110 |90
———a e o L

() Draw  the time-line diagraim depicting clearly the shuation for each ship. the ideal time for the
hatbor.
(1Y Whait I he average and maxiiim tie pet shilp i the hatboro
(111 Whit 18 the Bverage sid mnsiiim Whilltg Hitte et ship?
(1vyWhiat I the letigth of the lorgest queiier (6)
(6)



3
3(a) Define Isomorphism of graphs_ Draw two non-isomorphic regular graphs with eight
vertices and twelve edges.‘h.lustify your answer e
| ‘ : : (6)
(b) Determine which of the following signed graphs are balanced. Also, find the corresponding

bipartite graph in each of the cases. Justify your answer.

'a —@b d + —ob - a =+ *Tb
¥ T » L g + S I
(/L ¥+ -C de— ¥ C d‘ - c
() 3 (ii) (iii)
: N | -

(c) Prove that, a connected graph is Eulerian if and only if each of its vertices has an even
(6)

degree.
(d) (i) Detine a Hamiltonian graph. For which values of ¢t and g is. the complete bipartite graph
Kes Hamiltonian? Justify. ' 3)

(ii) State Ore’s Theorem. Give an example of a Hamiltonian graph that does not satisy the

conditions of the Ore’s Theorem. 3)
4. (a)Find the solution to the four-cubes problem of the following set of cubes:
G o N - .
d e \\\ S 0(( A
R B 43 €
R| G | B J R : = _ O"‘“ €
e sofs v —— ‘J ‘\l \
| ] > o ‘ﬁ’
v R LR
Cibe 2 \w\ W% "
Cubel ' &
" ,h
Y Y )
’ # v i l i , I 1] (i R I Y |
0 H
Ciibe A

Cithe 1§
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(b) Solve the following initial value problemin powers of (t—1). | |

(,-._') _3)ﬂ_.3(:—l)_—‘]'-‘:+y=0;y(l)=4,y'(l)="| e (N

‘ dr* di | ' r*
| iy s |

(L)(I )Find the inverse Laplace transform of the function }'(s)-- Tt 4 vh | :

j
'y

? : . | A _ Y
(i) Show that f(1) =" (n is a positive integer), is of exponential order, butg(t) = et” (nisa Z

positive integer greater than 1) , is not of exponential order. i3 3 i
|

(d) Solve the problem

Maximize 12x, +7x,
‘subject to | | S
5x, +4x, <20 | ’ ‘:
Ix, +5x, <18 | L
X%, 20 :

Determine the sensitivity of the optimal solution to a changedin C; using objective function

12x, +¢5x, . ‘ '
o | (7)
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1(a) Suppose (X.d) is ametric spaccand f : X — R. Prove that the function
e:XxX — R*u {0}
defined by
' e(a,b) =d(a,b) +|f(a)—F(b)l., VabeX

is a metric on X.

(b) Suppose § is a nonempty bounded above subset of R and z € R. Prove that
dist(z,5) < |z - Sup(S5)|
with equality if z 2 Sup(S).

(¢) Suppose (X, d) is a metric space, x € X, A and B are nonempty subsets of X for which
A C B. Prove that:
dist(x, B) < dist(x,A) < dist(x, B) + diam(B)

(63+83)

2(a) Suppose (X, ) is a metric space and F is a finite subset of X. Show that uce(F) = ¢

(b) Suppose X is a metric space, A and B are subsets of X and A & B. Prove that:

(VAGCH



(it) A°cB®
(c) Suppose (X, d)isa melric space, W € XandA € X ?mvc that: |
' dist(w,d4)
(i) dist(w,4) < @15 . | | (6% . 6%)

(ii).dist(wj) = dist(w, 4)

x }e XandSisa subset of X. Prove thatx €S if and only

i< & melric Space, e
 3(a) Suppose (X, d)isa o x has nonempty intersection w'_th b

if every open ball of X centcred at

. .
. %} . 5
(b) Suppose (X, d) is a metric space and A is a subset of X. Show thal

(i) A%UdA =4

iyaA=AUKE
(¢) Suppose (X, d) isa mciric space, a € X and r € R*. Prove that:
(i) a(ba:T]) = (xeX|d(x. a)=r)

1, ,1
(i) bla; ] is closed in X. (6-2- + 6-2-)

4(a) Suppose (X,d) is a metric spﬁce and (xy) is 2 Cauchy sequence in X. Prove that (xy)

converges in X if and only if (x,) has a subsequence that converges in X ;

"y U

(b) Suppose (X, d) is a metric space.
(1) Define a bounded set and & totally bounded set in (X, d).

(i#) Give an oggamplc of # subset A of X such that A is bounded in (X, d) but A is not totally
bounded in (X, d). -

(€)(1) Suppose (X, d) is & discrete metric space Show that every fune '
e y function f ¢ (X, d) = (Y€
s n continuous funetion on X where (Y, 2) Is any ietric space. A e

i) 8h '
(11) Bhow (hat every constant Runetion from a metric space (X, d) 1o a metric space (Y, e) is

eomtinuous. ( ‘ 1)
65465

b ] : ‘

”-fjn.



contains exactly one point.

(b) (i) State Banach’s Fixed Point Theorem.

(ii) Suppose f : R — Risa differentiable function and there exi
' ' exists k € (0,1
that |[f'(x)l < k, ¥V x € R. Show that f has a unique fixed point. F UL mich

(c) Prove that R (with usual metric) is connected. (6-15 4 61;)

6(a) Suppose X is a metric Space, S is a connected subset of X and S € A © A. Prove that A is
connected.

- (b) Define a compact metric space. Give one example of each of the following:
(i) A metric space which is compact.

(if) A metric space which is not compact.

() Suppose (X, d,) and (Y. d;) are metric spaces, (X, d,) is compact and
f: (x-dl) . (Y-dz) .

is continuous on X. Prove that f is uniformly continuous on X. (5+5)
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Attempt any five parts from Q. No. 1.
Each part of Q. No. 1 carries 3 marks.

Attempt any two parts from each of the
Questions Nos. 2 to 6. Each part carries 6 marks.

l. (a)Let T:P,(R) = RZ be defined by T(p(x)) = (p(0),p(2))..
Find [T*]%. where § and y are the standard basis for P; (R) and R? respectively.

(b) Prove that a linear operator T on a finite dimensional vector space V is invertible ifandr
only if zero is not an eigen value of T. '

(c) Let T be a linear operator on P3(R) defined by T(f (x) =f"(x).
Find an ordered basis for the T —cyclic subspace generated by z = x°.

(d) Let Bbe abasis for a finite dimensional inner product space. Prove that if (x,?) = 0 for
gllz € f,then x = 0. ’

(¢) Prove that Q(v7) = Q(1 + V7).

(f) Let a field K be an extension of field F. Suppose that £y and E, are fields contained in
K and are extensions of F. If [E,: F] and [B;: F] are both prime, show that E; = E; or
El n EZ = F,

(i) Let T be the linear operator on R* defined by

T(x,y,2)= (4x+2,2x+3y+ 22,14 42)
p. T O



ding to any one of the eigen vg "
vectors

be distinct CIgen vajye,

~octors Of T ch that A; comesponds 0% (F=1,__ 4y

. 5. A be Gt G iy
: vector ; . set 0 :
(5) Let T be linear Po=io0 % st linearly idePSR O oty
T. For cachi = 1.5 is a lincarly independent $ -
that : |
space Ej,. Show

(c)LetV = R’,at;i.deﬁnef;.fz.f.a eV’ by

' =y—3z
- ey +z and (@YD) =Y 32
f(y2)=x—2 ,fz((x.y.z)g. :;d ;’nd E o eV for which it s he du

Prove M[fl:fl:f’] is a hSis for V-, g
e » a finite dimensional vector space V and W be T-cyclic
of V generated b; non-Zero vector vEV. Let dimW = k. Show tha
(V)

(v, T@). T2 (¥): s T*-1(v)] is a basis for w.

. NN b g ),g(X)) = I_l f(t)g(t)dt and W =
(b) Let ¥ =P(R) with the inner profpdt 6 aal basis for W using Gram.

span(1,x,x?] be the subspace of V. Find an orthogo
Schmidt process.
(c) Let V be an inner product space, and let S = {v1, V2, v,) be an orthonormal subset of
V. Prove that for any x € V, liel* 2 Eltx.vl". |
Q4. (a) Let V be a finite dimensional inner product space over F and g:V = F be a linear

transformation, prove that there exists a unique vector y € V such that g(x) = (x,y)
Vx€EV.

(b) Determine all A € M,z (R) for which A2 =34+ 21 = 0.

(c) Let p(t) be the minimal polynomial of a linear operator T on a finite dimensional vecor
space V. Provethe following:

(i) For any polynomial g(t), if g(T) = Ty, then p(t) divides g(t). In particular, p(t)
divides the characteristic polynomial of T

(ii) The minimal polynomial of T is unique.

Q5. () Prove or disprove that Q(v3) and Q(v'=3) are field isomorphic

(b) Let F be a field and let p(x) € F[x] be irreducible over ¥ such that deg plx) = n. et

be a 2eto of p(x) In some extension E of F. 8how the following:

() Fla) is isomorphic 1o (‘r‘l

1)
'

)

(il) Evety metber of F(a) can be Witkeuiely

expressed i ihe M
P e o
t" ," ‘ ey ‘ hll | Ch WI“'” i Oy, ’

”77 .
ity { EF



2
(c) LetKbéa finite ficld extension of the field £ and let E be a finite field extension

-~ of the field F. Sth that K is a finite extension field field of the F and that
[K: F]=[K: E] [E: F].. ,

Q6.‘ (a) Let K be a finite extension of a finite field F. Show that there exists a € K such that
K = F(a). ' ‘

(b) (i) Prove that ¢35 @ is constructible if and only if cos 20 is constructible.
(ii) Prove that Va is constructible if @ > 0 is constructible.

'(c) If K is an algebraic extension of the field E and if E is an algebraic extension of the field
F. Show that K is an algebraic extension of the field F. |
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Attempt any two parts from each question.

All questions carry equal marks.
(a) Withe LPP.is Maumize 72=¢Cx
subject 1o ’ Ax=b
x20

(x3.0) is 2 basi feasible solution corresponding 10 basis B having an a; withz; —¢; <0
and all corresponding y;; < 0. then show that the L.P.P. has an unbounded solution.
(b) meﬂnm&'mm

Maximize z=-3x;, - 2x,
subject to
-n+x<1
S5r; +3x, <15
1120
23
Solve the problem graphically.

(c) Consider the following system
n+r4x;52
=X +211+233 S3
Xy, X2, X320

The point (3,3,3) is feasible. Verify whether it s basic. If not, then reduce it 10 a basic

feasible solution.

2. (a) Solve the following problem by simplex method:
Maximize z2=x -2 +x
subject to

P.T.O.
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52403512

>0.
Xy, X2, X3 = %
i o ing problem:
g following linear P"’g’mm'
o vesgmamb
mi .
: ‘subject to the constraints 2, +3x: <30
' n+n2z3
I]' xz Z o.
ming problem
there does not exist any f‘“ibk”'wwushwwm
(c) Show that a2k $35 1%
Maximize

» | soluti exists a dual optimal
a. (@) If (x.0) is 2 primal op_timllr solution, then show that there |
solution w, such that cXs = bTw.
' (l;) - Maximize z=x,—xz+31,+21. '
j constraints
mw‘bu' Il"’sz_l
x,-3-%S 7
T tx-In = -2
X, %4 20
X3 X3 unustﬁcled

Use duality 10 solve the following L.P.P.
Maximize 1=2n+x

subject to the constraints

(c)

x.+2:;510
11""1256
Xl-xgsz
n=2x<1
Xy 20

4 (a) Solve the followlnﬁ assignment problem:

ooV
A 3 5 10 15 8
B |4 7 15 19 8
C |8 12 20 20 12
b |55 8 10 6
E L0 10 15 25 10

(b)  Solve the following transporation problem:

e Kl
TN W i | i 600
i - i

S -




: 3
(c) Solve the following game graphically:

Player B
1. 2
S 4
Player4 |—7 9
2 1

(a) Consider the game with the following payoff matrix:
" Player B
B, B,
A',[ ted 6
_ Rudal i S
(|) Show that the game is strictly determinable, whatever A may be.
(i) Determine the value of the game.
nm w

1
I (32 4 0
1 [z 4 2 4]
m (4 2 4 o0
Iv 4 0 8

(c) Convert the following game, involving two-person, zero-sum game, into a linear
programming problem and hence solve it.

Player 4

!

(b)  Solve the following game:

Player B

5 7 2
Player A [10 4 9|

6 2 0
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Instructions for Candidates

1. Attempt any two parts from each question.

2. All questions are compulsory.

Q1. (a) Find Aut(Z,,). Also make its Cayley table.
(b) Define inner automorphism induced by an element g of a group G. If g and h

induce the same inner automorphism of a group G, prove that h=1 g € Z(G), the

center of G. 4
(¢) For any group G. Prove that G/Z(G) is isomotphic to Inn(G), where Inn(G) is the

group of all inner automorphisms of G.
(6.5, 6.5.6.5)

Q2. (a) Define characteristic subgroup of a group. Prove that the center of a group G is a

characteristic subgroup of .

(b) Let G' be the commutator subgroup of a group G. Prove that G' is normal in G,

Also prove that G/G" is Abelian.

(¢) Let G and H be finite cyclic groups. Prove that G @ I is ¢yelic if and only it'|G|

and |H| are relatively prime,
(6, 6, 6)

(3. (1) Prove that if a group @ {5 the internal direct product of l’lﬁite it ber of its subgronps

Hi, Hyooo My o thent 6 1s Tsomiorphife to the exterial divect product of By My,



(b) Express U(105) as an external direct product of cyclic additive groups of the form Z
i orm Zy,

(¢) Find all Abelian groups (upto isomorphism) of order 72,

(65,6.5,65)
Q4. (a) Define group action of a group G on a set A. Prove that the additive group Z of

integers acts on itself by z.a = z + a forall z,a € Z. Also find kernel of this action.
(b) Let G be a group. Define centralizer C;(A) and normalizer N¢(A), of a non - empty
subset A of G. Also prove that C(Z(G)) = G and deduce that N, (Z(G)) = G, where
Z(G) is the center of G.
(¢) Let G = {1,a, b, c} be the Klein 4 - group. Label 1, a, b, ¢ with the integers 1, 2, 3,
4 respectively. Compute the image of each element of G under the left regular
representation of G into S,.
J}ﬁge (6.6, 6)
Q5. (a) If p is a prime and P is a group of prime power order p® for some @ = 1ithen prove
that P has a non — trivial center : Z(P) # 1.

(b) Determine whether o, and &, are conjugate. If they are, give permutation 7 such that
ro T B0,
(i) o, =(12)(345), o, = (123)(45).
(i) 0, =(13) (246), 0, = (35)(24)(56).
(¢) Make the list of partitions of i = 5 and give representative for the corresponding

conjugacy classes of Ss.
(6.5, 6:5.6.5)

(6. (1) State index theotetn. Use this to prove that there is Ho simple group of order 216

() Fixlifbit all Sylow 3 - siibgroup of Ay

(¢) Prove tht @ group of order 56 ets # Hotttal Sylow p - sitbgroup, for soie prie )

dividing e bide o LA %}(
' o (6,6, 8)
r't N i\
f ‘:; _t 1L '\' -

0

LA ~
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2

b L T e S S

I.  Attempt any five parts. Each part carries 3 marks.

(a) Write the function [(z) = 234z 41 inthe form f(z) = u(x ¥) 4 i (x, y).

(b) Find li_r]n i[x +i(2x + )] . where z = x + iy.
z1-

(¢c) Prove that the funiction f(z) = 2% is differentiable everywhere.
1 f(2) =ulxy) 4t LKY v) and its conjugate function are _
u \g BT

(d) wpoqe that a fumﬁ\
analy Hic in d given domain ). Prove that the hnutth (.7) must be whmm throtighout

the (I(thlln 12}

(e) Show that exp(2 4 3ai) =~

\

2z -sinz

(fy Fine the regidue at z = 0 of the finetion f(z) ==
i l ll“|7
(p) Prove that z = U is # removabile singdlar point of the funiction f(z) = =5

f )

| < s : -L 1. AR
2, () (1) Find the value ol ,!u}gg,, (f—.; -'{ l)
(i) Lel B, (1 =1,2,3,.. ) denoleg the prifieipal argitients af the it

i [ ! i i ,‘\“'“, t'(i‘ 44
. U, 6" ¢ ]

[Hien prsve it '||!_|| Oy
| dew



b If 'f‘u.nction f(z)and its conjugate f(z)both are analytic in a domain D, then she,,
( 4 a

oughout D. (6)
i e O AR

that f(z)is constant thr
(¢) (i) Show that if e? is real , then Im z =

| 1
(i)  Find all singular points of the

function f(2) = ;= (3.3)

3 | ('a.)A ‘ "S'tate and prove Cauchy-Riemann equations for the function
f(2) =u(x, )+ (X, y) at the point z, = (X ¥,) where J' exists. (6)

%y #3Log(i) where Log(z)1s the principal 'b'fént;‘h of logz.
i (n) jFinéi"faH} values of z such that exp(Zz-1)=1. o (6)

(¢) Findall roots of the equation sinz :@lﬁﬁ ¢ » (6)

= (b) (i) Show that Log(i

4 (a) with%t evaluating the integral show that . ! ;' i 1 S_;E wh"gfej Cis -l':hre'vaarc ef the
circle |7 =2 from z=2 to z=2i. | ~ | il ()
(b) Evaluate the following integrals:
G _[ f(@)dz where f(z) = Z—}% and € ¢ the semicitele # =20 %0 & 9 n).

(i) ‘[-—-':—1—2—* where C s the circle [z=1=2 inthe positive sense.  (6)
Lzt 4 |

() State and prove Cauchy Integral Fortula, | (6)
7

ﬁv“’

5. (a) Using the Maglaurin’s seriey expansion for the entire function ¢ and the ¢
~definition of (;\Sfiﬁ;} firid the Maclaurin’s series expansion ol the ﬁmutlnn@ﬂa 6)

(b)  Write down the Lauteilz's serles sxpanision of the functlon f(z) = Tul'm)-ln
e =}

the doidin | z|s | . (6)

(¢) 1F 218t poitit ihside the clicle oF corveriehes | 2= e, [= R o1 ower seiies

Dtz 2y)" e shiow (hat flie serles iHust be ittty sohverpent in the

fi=ti

eltigetl f”ﬂl( '}‘, 2y 'ff Rl i whare ]?‘ -dl| 7 7“' (6



Ll g o d N -
(a) Evaluate the integral f z sm{ -——Jd‘ . Where C s the positively oriented unit circle
. | 2 7

e . ®)
g (b) Find out ﬂm sum of the residues of the function Sy A0 ]9 c-aicu'lated on its
) Jsoiated smgular points. ©)
T cos® 3@ .
(e Evaiual f iy —d. {6)
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(i) Attempt any five questions from each section
(i) Each question carries 5 marks.
(ili)  Use of scientific calculators js allowed.

Section-|
| i &
£ 1)ctc1 nnm the standard form_equation for the tangent plane to the surface 7 =il

X2 —y? a Py(2,2,2). ,
2.7 ha) Find the §lope of the line that is parallel to the xz- -plane and tangent 1o the
smtdce Z =iy ’1’ + v at the point P(1.3.2).
f x\(\-;-v‘} (xy) =:00,0)
o L) =i; 0)

m\,(u o:—w m g

| ]hc !cidrus and Hun i ofa right circular cone ate medsured with enorq ut at moqt 3%

and 2%, respectively. Use increments 1o approximate the nm\ imum possible: p.eu,c,nldw

efrar i computing e yolwne of the cone s e the fior 'mﬂd N2 _77]{311

o

4. Find the divectional dvriva‘ivc O iy =8 = 24y A the ipoint P(1.2) in the direction

. | o
of the unit veetor i = “z " —~j
3, (mcn that the largest and snmllmt values of fix, g =11 S5 o P submu o0 zhe constrain
=] with x 2 0, ¢ > 0 exist . use the met hml ni L. nuan;,e multipliets to find these

extr'cmu.

G. Find all the points on the surface v - 4+ g that are elosest to the origin.
Section 11
7. Comipute the area of the region D lonrded above by e lne v o= aid below by the
eltele 8" 1y’ 2y =0 .
8 Tind the valinge of the tetealiedron 1 bonded by the ]‘ﬂﬂl!(* Wy d=a i the

etortlinete pliltes « =0, v ~Oamd 2 0

- . ¥
0. Flotl the dted ol the féplon I Boided by (e '[.‘|H[3SL’ oE) 4 B
)

fo i the Vol of the elfastd "' | 'v’l | :'T'l |



~cireular are from (l ()) back to (-1, 0).

14, Show that the veetor field F o= (mx z4 oyt 4xy,

i

18

C A wire has the shape of the curve X =

{3 \*aluate the surfdee integral ff gdS WhElE g(x.y
'-'ponum of the plane 2x -3y + 2= 6 that lies over 1he
| ]l,(u.ll*valmux, _ff (x + y + .z) db where & | is the sm‘iaw ddimd pammetma\ly by
;-iR(u, V) = (Zu &+ L’)l (- Zv)j ~|7i;{11 il 51@)!{ fczr O o -«;-;1 Oeveld

i l valuate gﬁ ( ¥ dr s ?dv 4 ,’le), where: C is the curve-nf;mteraeumn Qf the pltme X4

V2 sin(t). v = = oSGtz ™ cos(1) tor U <t <. If the
l.) thcﬁl‘s its !ﬂd\% :‘? Uhﬁ\{xét"z

wire has dLl’lbll\ (')(\ v, ,-r} = N at each DO]I‘Il (X. Y s
I comdmm«,s}.

Evaluate f I\ B puf x24y* dydx by conv erting to pola

Section 111 86(”"3”“ + x dy). over the

. State Green's hemun and verify it for the hine mlnua]
1..0) to (1. 0yand Cy1s @ semi-

curve C = Cy WC,, where C, is the line segment from (-1.

5;{4 % 32%) is conservative in R’
and imd g scahu potentml for F. 1 \ - QB
)~--~' ;\y + 2:\ - 3\\«* and S is that
unit squflrc Rogx2328)8

1 ahd 1l1e clhpwd gy e oriented coutter clockwise as viewed from

hmfc
) Let I° 5 e Lumldl'tl vemm field. Whm 5

|| O o 16 5o

it 1 e I

b) %hm\ LIS \f) S LR x)mhmmmm



This question paper contains 8 printed pages] 3
! olnll7

| Roll No. -
S. No. of Question Paper' ;6626 |
'Uriique Paper ‘Code ': 32351501 | m
Name ‘of the Paper ;' C11-Metric Spaces
Name of the Course & B.Sc. (Hons.) Mathematics
Semestgr 5 B
Duration : 3 Hours o Maximum Marks : 75

(Write your Roll z}/o. on the !op immediately on receipt of this quésiiun paper.)
Attempt any fwo parts from each question.
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L (@ Letdfp?2 [) on the set R", be given by

for all & = (¥ )y X9 e K 9 = ) Vg sy

Show that (R, lll)) Is a metric space. Does d, defihe o

etke o R when 0 < p o< |2 42-0

PO



o Fp

®

(©

(@

«2) o 6626

Let S be any non-empty set and B(S) denote the set of
all real- or complex-valued functions on S, each of which
is bounded. Define the uniform metric d on B(S). Show

.

that (B(S), d) is a complete m_etfic space. 6

()  Let X = N, the set of natural numbers. Define

11
d(m,n)flm almone X

Show that (X, d) is an incmﬁplete metric space.

(i)  Prove that metric spaces,- R with the usual metric
and (0, =) with the usual metric induced from R

are homéomorphic: , 4+2=6

() Let (X, d) be a metric space. Prove that the closed
“ball S(x, r), where x € X and r > 0, is a closed

-subset of X.

(f’) Istheset A = {(x; y) :x + y= 1} open in the metriq

space (R%, d,) ? Justify your answer,  442=6

i

L

(b)

()

(@)

Let (X, d) be a metric space and Y @ subspace of X.
Let Z be a subset of Y. Prove that Z is closed in Y

if and only if there exists a closed set T of X such that

X=FnY.

(N Le; (X. d) be ametric space and T, and - be sﬂ?&. -

QW

¥

of X. Prove that :

C](Fl U FZ) = c](Fl) W C"(F:IL

(if) Define separable metric space. Is the discrete
metric space (X. o) separable 7 Justify vour

350
answer.

Let (X, d) be a metric space and for every mested

> 3 ;\
sequence {F }.m2 1 of non-empty closed subsets ©

such that d(F,) — 0 25 n— <. the intersection N_%



] 6
contains one -and only one point. Proye that (y Yoo L X
; s d) 4 (@ . ) . Let (X, d) be any

mtlrit '3p:”_1: ;”a[
is a complete metric space. Further, show thay i

J (X, d) = (R", dy), be defined by -

N et

condition : d(F,) = 0'as n — o in the ab
N ove Stalﬁn‘lem

N\ Ax) = (), /), e, T x)), for x € X,
-Cﬂn;t be drOPPéd'- H25 Show that if / is continuous, so is each
(b)  Let(X, d) be a metric space and F C X. Prove that 4 Point .\"\“ i oo X=Rok=1,2 ,m
Xy is a limit point of F if and ohly if it is pﬁssible to select ({0 Let (X, dy) and (Y. dy) be metric spaces and let
t"rom the -set F a sequence,-{x,}, n 2 1, of dis-tinlc( points S X = Y be continuous on X. Show thai

such that lim,, d(x,, xo) = 0. 77(B)c 77 (B), for all subsets B of Y.

a6
(©) ()  Let F be subset of the metric space (X, d). Prove

" that - ‘ ‘ %) Let (X, dy) and (Y. dy) be metric spaces and le1
that the set of limit points of F is a closed subset

f: X = Y be uniformby continuous. Show that if

of (X, d).
x )}, m 24, is a Canchy seguence in X, then 5o
X,
(i)

Let Fbe a non-empty bounded closed subset (fx ). 2 1. in Y. s this vesult e, i 72 X =8
_ _ s b n 2 1.

L i
A, I
Ny T L

of R, with usual metric and a = sup F. Show continuous on X ?

that g € F. 336



Let X be the set of all continuous. functions defineg

(© )
| (i) LetT:X = X, where (X, d)is complete metri
“on [0, 1. For f g€ X, define the _m@’t_'r‘i;:"s ‘P and ‘o
on X by : a
4 g) = sup{fix) - &) < x € [0, 11}, and
- | 442V,
I
f,9)= [ 1109~ 2@ |
. . ‘ ' ()  Let (R, d) be the space of real numbers with the usual
| ‘Show that these metrics are not equivalent. 6% metric. Show that a subset. 1, of R is connected if and
. : . only if 1 is an interval, 6)s
5 @ () Let(X, d) be the complete metric space and
(o ) Show' that the metric space (X, d) is disconnected
T X —-X be a contraction mapping and let ‘
| - ‘ - i - if and only if there exists a proper subset of X that

%o € Xand {x,}, n 2 1, be the sequence defined is both open and closed in X.

LetAbeasubsetofRJdcﬁwdh}

leratively by Te1=Tx form=0,1,2, ... . S (i)

Show . reen
that the sequence {r},n>1, is convergent

in X, Show that A is disconmected. F=2=0"



(8. ) - &l e
. (-a) Let (X, dy) be a metric space a,nd every continuoyg
function /- (X; dy) = (R. d,), where d, is the usual metric

of R, has the intermediate value property. Prove that

(X dy) is a connected space. . . N 6%

(b) | Define the finite j_ntérse_c:tion property. Prove that a metric
space (X, ) is compact if, and only if evéry co-l-le’ction
of elosed sets in (X, o) with the finite intersection property

has non-empty intersection, o 6
| | /2
C. ] 5 ¢ + . Y | - . ’
(¢)  Let f'be a continuous function from g compact metric

S : ' " " ¥
pace (X. dy) itto a meétric space (Y. dy). Prove that the

Fange AX) iy also Compact 0!
. ‘ ‘
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two parts from each question.

(1) State true (T) or false (F). Justify your answer in brief.

(a) Zy @ Z, is isomorphic to Z4 here Z, is used for group
{0,1,2,...,n — 1}under the addition modulo n..

(b) The dihedral group Dg of order 8 is not isomorphic to
the quaternion group g of order 8.

(¢) The external direct product G @ H is cyclic if and only
if groups GG and H are cyclic.

(d) U(165) can be written as an external direct product of
eyclic additive groups of the form Z, where U(n) denotes
the group of units under multiplication modulo n.



12
2z + a are the only automorphisms of

anslations 2 +*
b of integers Z.

the additive group . |
f) A subgroup N of a group G i8 called 8 characteristic
( )'subgroup if g(N) = N for all isomorphism of G onto
itself.
g) The number of isomorphism types (classes) of & group of
order 9 is 3. '

(h) fGisa finite group of order 7, then G is isomorphic to
o subgroup of D7 ' .

(i) 1f a group G acts trivially on & set A containing more
then 1 elements then there is an element a in A whose
stabilizer is proper subgroup of the group.

(j) U(8) is isomorphic to U(10).

(2) () Find all subgroups of order 3 in Zy® Z;?. | |

(b) Prove that for any group G , G/Z (G) is isomorphic to
the group of inner automorphism Inn(G) where Z(G)is
centre of the group G.

(c) Classify groups of order 6.

(3)(a) (i) Suppose that G is a group of order 4 w1th identity e
and 72 = e for all z in G. Prove that G is isomorphic
to Zy ® Zs. '

(ii) Find two groups G1 and G such that G is isomor-

phic to G but Aut(Gh) is not isomorphic to Aut(G2)

where Aut(G;) is the group of automorphisms of G;.

(b) (i) Suppose that N is a normal subgroup of a finite

" group G. If G/N has an element of order n , show

that G has an element of order n. Also show, by

an example, that the assumption that G is finite is
Tecessary.

(ii) If G is a non abelian group then show that Aut(G)
is not cyclic. :
(¢c) Define the characteristic subgroup of a group G. Prove
that every subgroup of a cyclic group is characteristic.

3

(4) (8) I pisa prime and ¢ i :
for some positive intefc,ﬂer&crg;mllp -

non trivial centre, =44

(b) Find all conjugacy cls s
order 8 and the quatecr :zn% of the dihedrg) group Dy of
verify the CIBSS equaj,]on group' QB Uf OTdBI B ﬂ-"d h‘.’.n(:‘ )

a nlc:)rr(:nv:.lt:ua}: i H has u finite indexn in @ then there i »

+ K1) 18 less than or equal to 1!
(5) (&) f:rrm that if p i6 & prime and G is s group of order;‘“
ism::me positive integer o then every subgroup of ;ﬁdéx
P is normal in G, Deduce that every group of order 7*
has a normal Bubgroup of order p.
(b) Prove that & group of order 56 hes & normal Sviow P
.. subgroup for some prime p dividing ite order.

(c) Prove ;h&t two Elemem:s of the symmetric group on n
letters Sy, are conjugate in 5, if and only if they have
same cycle type.Also show that the number of conjugary
classes equals the number of partitions of n.

(6) (2) Define & simple group. Prove that if G is an sbelian
smlple group thﬂn G :~mm phicto  the P}'Chl.‘ oroup
Z,, for some prime p.
(b) (i) Prove that group of order 280 is ot smple.
(i) Show that the alternating group As of degree 5 can
not contain a subgroup of order 30 or 20 or 1.

order ¢
Bhaw that G nas a

(¢) (i) If the centre of G is of indexn, then prove thet=ver;
conjugacy class has at most » elements.
(i) Prove that the centre Z(S) of svmmetric goup 5.
contains only the identity of S, for all » greater than
or equal to three.
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Use of non-programmable scientific calculator is allowed.
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~ from each question.

1. (a) Give the geometrical construction of the Newton’s method

to approximate a zero of a function. Write an algorithm to

find a root of f{x) = 0 by Newton’s method.

(b) Define order of convergence of an iterative scheme )
Determine the order of convergence for the recursive

scheme:

X, = %(x,, 4 f—]



»

: " Deﬁﬂ° the rate of convergence of an iterative Schep,
{x,)- Use the bisection method to detemune the rogy it
the equation +2x—1=00n(0, 1). Further, compute g,
theoreticai error bound at the end of fifth iteration apg the

-ncxt enclosing (bracketing) interval. o

2 (a) Differentiate between the method of false position ang the
" secaﬂt method. Apply the method of false positign i
cosx—x=0to determine an approxunghon to the rogt
lying in the interval (0, 1) until the absolute error s Jegg

than 10~ (p = 0-739085).

(b.) Letgbea continuous function on the closed inte:'rval [a, ]
with g:labl—la b]. Furthermore, suppose that gis
differentiable on the open interval (a, b) and there exists a
positive constant & < 1 such that |g'(x) | < k< 1 for all x
belongs to (a, b). Then:

() The sequence {p,} generated by p =g(p,- 1)

converges to the fixed point p for any p, belonging to -

[a, b);
@ [p,-p,_ I|_k"max(p a, b-p).
(c) Find the approximated root of f{x) = x* + 2x> — 3x — 1 by

secant method, taking p =2 and p = 1 until |p, - p, |
<5x10°. 13

3. (a) Using scaled partial pivoting during the factor step, find
matrices L, U and P such that LU = P4 where

2 71 3

A=|6 20 10|
4 3 0 < i

Hence, solve the system Ax = b, given

14 &
iy
7

(b) Use Jacobi method to solve the followmng system of imear
equations. Use the initial approximetion =0 and perform
three iterations.

dx, + 2%, —x,=1

2!,*'411'1’13:—1,
—x1+x2+413= L.

(¢) (i) Consider the matrix:

1 1 2
A=|-1 0 2.
3 2 -1
}‘ Find a lower triangular matrix L and an upper trianguiar

matrix U with ones along its diagona| suchithat 4 = L1
(i) Determine the spectral radius of the mawix:

2 -1]

{ 1:
| I3

A=‘_-l 3

8508 3 W——



| 4. (2) @) KX %X s
defined at X, X,; Xps -+ ¥y then prove that i“tﬂpglaﬁng

polynomial P, of degree at most n, is unique.
@ii) Define the shift operator E and cm@ di ﬁ%ee
" operator 8. Prove that:

T P 1.2
=1+- 8‘-’1+—8 .
E l+28 + a

(b) For thc function fx) = € construct the Lagrange for,
of interpolating polynomial of fpassing through the poin;
(_j, ), (0, 1) and (1, e). Estimate Je using the
polynomial. Wiut is the error in the approximation? Verify
" that theoretical error bound is satisfied. )
| (¢) (@) Write the following data in the usual divided
sifference tabular form and determine. the missing
e |
x,=0,x=1,1=2 x=3
fx]=2, fix]=6, fix]=6,
fix,x]1=4, _f[i:z, x]=0, fix, x,, x,]=0.
() Provethat:

YA L= o, 1. . on
5. (a) Usethe formula: .
f'(x)zf(x”hz"f(xo) |

+ 1 distinct o
x_,are n + 1 distinct pointg g,

toappmximtcthedcrivaﬁveofthcﬁmchonﬂx)= ] +x
x*atx,=1,takingh=1,0, 0.01,2nd 0.001 . What i the
order of approximation?

(b) Verify:

=L ()47 (;")‘ f i +2h) :

the difference approximation for the first Gerivative proviges
the exact value of the dervative regardiess of &, for the
functions f{x) = 1, flx) = x and fix)= »*, but not for the
function fix)=x".

(c) Derive second-order forward difference approximation to
the first order derivative of 2 fumction. v

. 2
6. (a) Approximate the vaine of the mtegral jllzdzm
Simpson rule. Further verify the theoretical ermor
bound.

(b) Agﬂyﬁlh’smhﬂmmﬂtmm
4 . o
initi y—=r*, (1<1<3), x{l}=L N=3.
initial value problem x+—=1", (1<2<3). x{1}=
Further it is given that the exact solution =
'Jc(t)=1§(t5 +8™ ). Compute theabsoluts ervor ateach Sy
(c) Considerthe nitial vaiueproblem

x‘=1+£r,(1srs3). x{1)=1



i

| whose exact solutlon is glven by x(t) (1 +1n?). Using the -
step-size of 0.5, obtain the solutlon of the IVP and Compal-e

r with thcoretlcal error bound assummg

| 12

~ the absolute erro
the Lipschitz constant L equals 1.-
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_ Section I
l (a) Give an example of cach of the following:

(i) An ordered set with exactly one maximal element but no greatest element,

(ii) An ordered set having more than one minimal element but no maximal elemem

(6)
pped with the partial order < defined by m < if

(b) (1) Let Ny be the set of whole numbers equi
and only if m divides n.

(i) ‘Draw a Hasse dlayam for the subset O = {1,2,4,5,6,12,20, 30,60

} of (No, <). Find elements
a,b,c,d € Q) such that a v b and ¢ A d do not exist inQ .

(6)

isomotphism from £ onto M .
is @ lattice isomorphism.

(¢) Let L and M be two ordered sets arid let / be an order-i
Prove that if / isa Ialme then M is also a lattice and /

(6)

2(n) Let 1, and Ly be two bounded lattices. Define a relation < on their Cartesian product

LelyxL, hy (4.5 < (.8, ) if and only if oy Shyin Ly and ey <by in Ly, Prove that
(£.<) I8 o bounded lattice, (6.5)

(b) () Defitie n sublattive of a lattice. Prove thai every interval in a lattice £ is a sublattice of
! .

() Prove thiat o lntflee 1 1s 4 e hain I and only

I every non-einpty subset of L is o sublattice
of ] 4

(18 9



' 2
(c) Prove thatina la&ice 1, the following statements are true
@ *~0V z)Z(XAy)\;(xA;) Vx,y,z€L

(ii) ysznxvysxszx.y,ZEL !
e @)
Section II :
.3 (s) Define @ modular lattice. Prove that any homomorphic image of a modular lattice is

modular. '
iy > 6
(b) Use the Quine—r.ia'(,‘luskey method to find a minimal form of ©
' T oxyz4xy'zt xy'?’ +x'yz+x'yz' + x'y'z.
I T N St . (©)
(c) (i) Express x +y 0 disjunctive form in three variables x, y, z.
(i) Change the following expression from disjunctive normal form to
conjunctive normal form:
' xy+ry+x'y. ‘
(3.3)

x A y)=xvyand(xv y)'= x'ay'forallx,yin a Boolean llp.bl‘l B.

" 4(a) () Prove that (
(ii) Show that the lattice ({ 12,3,6.9,18}, ged, lcm) does not form a Boolean algebra for
the set of positive divisors of 18.
‘ 35.3)
(b)UsingtheKarnaughDiagrams.ﬁndnmoncminimmnform for

p=(x, +x )M, %)+ X,.2,%;. 6.5)

(c)Drxwaswitchingcircuitfouvoﬁngnnd:ineﬁracommiueeofdneemembets. Here the

motion is passed if and oaly if two or more switches are ON. (65)

‘Section Il

5 (a)(i) Prove that the number of odd vertices in  pseudograph is even.
(ii) Draw pictures of the subgraphs G \{e}, G \{v} and G \{u} of the following graph G.

6
(3.3)

(‘b)ﬁ)Dl'lWKd and Kys.

(ii) For the below pair of graphs, e
, either labe] the
Braphs 50 gy

orexplain why graphs are not s ; W exhibil & somerphese

(2,3

(c) (i A complete graph with more than two vertices i
18 mot bipartite. justify this
‘Statemen:
(i) Draw & graph whose degree sequence 5 33222
mnmﬂneuinamhﬁwiﬁxndp.dnm.-moﬁmlmﬁ
Justify your answer.
22,2

6 (.)Fmdﬂ:.ldjmyminum and A; of the graphs G, snd G; shown beiow:. Find «
permutation matrix P such that A, = PA P’

vi v u Mg
. l % %
v
3 Va Ay
S s 63)

(b) (i) Consider the Graph G given below. Is it Hamiitonian? If w0, cxpism vemrsssees. i
yes, find a Hamiltonian cycie. A
(i) Is it Eulerian” Explain. 4&%

f




'4

(c) Apply the improved version of Dijkstra’s Algorithm to find a shortest path from A to Z.

Write steps.

CELA | | (6.5)
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